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ABSTRACT
Using localization, matrix model and saddle-point techniques, we determine exact behavior of
circular Wilson loop in N = 2 superconformal (quiver) gauge theories in the large number limit
of colors. Focusing at planar and large ‘t Hooft couling limits, we compare its asymptotic be-
havior with well-known exponential growth of Wilson loop in N = 4 super Yang-Mills theory
with respect to ‘t Hooft coupling. For theory with gauge group SU(N) coupled to 2N funda-
mental hypermultiplets, we find that Wilson loop exhibits non-exponential growth – at most, it
can grow as a power of ‘t Hooft coupling. For theory with gauge group SU(N)×SU(N) and
bifundamental hypermultiplets, there are two Wilson loops associated with two gauge groups.
We find Wilson loop in untwisted sector grows exponentially large as in N = 4 super Yang-
Mills theory. We then find Wilson loop in twisted sector exhibits non-analytic behavior with
respect to difference of the two ‘t Hooft coupling constants. By letting one gauge coupling con-
stant hierarchically larger/smaller than the other, we show that Wilson loops in the second type
theory interpolate to Wilson loops in the first type theory. We infer implications of these find-
ings from holographic dual description in terms of minimal surface of dual string worldsheet.
We suggest intuitive interpretation that in both classes of theory holographic dual background
must involve string scale geometry even at planar and large ‘t Hooft coupling limit and that
new results found in the gauge theory side are attributable to worldsheet instantons and infinite
resummation therein. Our interpretation also indicates that holographic dual of these gauge
theories is provided by certain non-critical string theories.
1 Introduction
AdS/CFT correspondence [1] between N = 4 super Yang-Mills theory and Type IIB string the-
ory on AdS5× S5 has been studied extensively during the last decade. One remarkable result
obtained from the study is exact computation for expectation value of Wilson loop operators at
strong coupling [2][3]. For a half-BPS circular Wilson loop, based on perturbative calculations
at weak ‘t Hooft coupling [4], exact form of the expectation value was conjectured in [5], pre-
cisely reproducing the result expected from the string theory computation [2], [3] and conformal
anomaly therein. Their conjecture was confirmed later in [6] using a localization technique.
In this paper, we study aspects of half-BPS circular Wilson loops in N = 2 supersymmetric
gauge theories. We focus on a class of N = 2 superconformal gauge theories — the A1 (quiver)
gauge theory of gauge group SU(N) and 2N fundamental hypermultiplets and ˆA1 quiver gauge
theory of gauge group SU(N)×SU(N) and bifundamental hypermultiplets — and compute the
Wilson loop expectation value by adapting the localization technique of [6]. We then compare
the results with the N = 4 super Yang-Mills theory, which is a special limit of the ˆA0 quiver
gauge theory of gauge group SU(N) and an adjoint hypermultiplet. Their quiver diagrams are
depicted in Fig. 1.
(a)                                                     (b)                                                           (c)
Figure 1: Quiver diagram of N = 2 superconformal gauge theories under study: (a) ˆA0 theory with G
= SU(N) and one adjoint hypermultiplet, (b) A1 theory with G=SU(N) and 2N fundamental hypermul-
tiplets, (c) ˆA1 theory with G =SU(N)× SU(N) and 2N bifundamental hypermultiplets. The A1 theory
is obtainable from ˆA1 theory by tuning ratio of coupling constants to 0 or ∞. See sections 3 and 4 for
explanations.
We show that, on general grounds, path integral of these N = 2 superconformal gauge
theories on S4 is reducible to a finite-dimensional matrix integral. The resulting matrix model
turns out very complicated mainly because the one-loop determinant around the localization
fixed point is non-trivial. This is in shartp contrast to the N = 4 super Yang-Mills theory,
where the one-loop determinant is absent and further evaluation of Wilson loops or correlation
1
functions is straightforward manipulation in Gaussian matrix integral.
Nevertheless, in the N → ∞ planar limit, we show that expectation value of the half-BPS
circular Wilson loop is determinable provided the ’t Hooft coupling λ is large. In the large λ
limit, the one-loop determinant evaluated by the zeta-function regularization admits a suitable
asymptotic expansion. Using this expansion, we can solve the saddle-point equation of the
matrix model and obtain large λ behavior of the Wilson loop expectation value. In N = 4 super
Yang-Mills theory, it is known that the Wilson loop grows exponentially large ∼ exp(
√
2λ) as
λ becomes infinitely strong.
In ˆA0 gauge theory, we find that the Wilson loop expectation value grows exponentially,
exactly the same as the N = 4 super Yang-Mills theory. The result for A1 gauge theory is
surprising. We find that the Wilson loop is finite at large λ. This means that the Wilson loop
exhibits non-exponential growth. The ˆA1 quiver gauge theory is also interesting. There are
two Wilson loops associated with each gauge groups, equivalently, one in untwisted sector and
another in twisted sector. We find that the Wilson loop in untwisted sector scales exponentially
large, coinciding with the behavior of the Wilson loop N = 4 super Yang-Mills theory and the
ˆA0 gauge theory. On the other hand, the Wilson loop in twisted sector exhibits non-analytic
behavior with respect to difference of two ‘t Hooft coupling constants. We also find that we
can interpolate the two surprising results in A1 and ˆA1 gauge theories by tuning the two ‘t
Hooft couplings in ˆA1 theory hierarchically different. In all these, we ignored possible non-
perturbative corrections to the Wilson loops. This is because, recalling the fishnet picture for
the stringy interpretation of Wilson loops, the perturbative contributions would be the most
relevant part for exploring the AdS/CFT correspondence and the holography therein.
We also studied how holographic dual descriptions may explain the exact results. Expec-
tation value of the Wilson loop is described by worldsheet path integral of Type IIB string in
dual geometry and that, in case the dual geometry is macroscopically large such as AdS5×S5,
it is evaluated by saddle-points of the path integral – worldsheet configurations of extremal area
surface. We first suggest that non-exponential growth of the A1 Wilson loop arise from deli-
cate cancelation among multiple — possibly infinitely many — saddle-points. This implies that
holographic dual geometry of the N = 2 A1 gauge theory ought to be (AdS5×M2)×M where
the internal space M = [S1 × S2] necessarily involves a geometry of string scale. The string
worldsheet sweeps on average an extremal area surface inside AdS5, but many nearby saddle-
point configurations whose worldsheet sweep two cycles over M cancel among the leading,
exponential contributions of each. We next suggest that ˆA1 Wilson loop in untwisted sector is
given by a macroscopic string in AdS5×S5/Z2 and hence grows exponentially with average of
the two ‘t Hooft coupling constants. In twisted sector, however, it is negligibly small and scales
with difference of the two ‘t Hooft coupling constants. This is again due to delicate cancelation
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among multiple worldsheet instantons that sweep around collapsed two cycles at the Z2 orb-
ifold fixed point. We also demonstrate that Wilson loop expectation values are interpolatable
between ˆA1 and A1 behaviors (or vice versa) by tuning NS-NS 2-form potential on the collapsed
two cycle from 1/2 to 0,1 or vice versa.
This paper is organized as follows. In section 2, we show that evaluation of the expectation
value of the half-BPS circular Wilson loop in a generic N = 2 superconformal gauge theory
reduces to a related problem in a one-matrix model. The reduction procedure is based on lo-
calization technique and is parallel to [6]. Compared to [6], our derivations are more direct
and elementary and hence makes foregoing analysis in the planar limit far clearer physicswise.
In section 3, we evaluate the Wilson loop at large ‘t Hooft coupling limit. Based on general
analysis for one-matrix model (subsection 3.1), we evaluate the matrix model action which is
induced by the one-loop determinant (subsection 3.2). As a result, we obtain a saddle-point
equation whose solution provides the large ‘t Hooft coupling behavior of the Wilson loop (sub-
section 3.3). In section 5, we discuss interpretation of these results in holographic dual string
theory. For both A1 and ˆA1 types, we argue contribution of worldsheet instanton effects can
explain non-analytic behavior of the exact gauge theory results. Section 7 is devoted to dis-
cussion, including a possible implication of the present results to our previous work [7] (see
also [8][9]) on ABJM theory [10]. We relegated several technical points in the appendices. In
appendix A, we summarize Killing spinors on S4. In appendix B, we work out off-shell closure
of supersymmetry algebra. In appendix C, we present asymptotic expansion of the Wilson loop.
In appendix D, we present detailed computation of c1 that arise in the evaluation of one-loop
determinant.
Results of this work were previously reported at KEK workshop and at Strings 2009 con-
ference. For online proceedings, see [11] and [12], respectively.
2 Reduction to One-Matrix Model
The work [6] provided a proof for the conjecture [4, 5] that the evaluation of the half-BPS
Wilson loop in N = 4 super Yang-Mills theory [2, 3] is reduced to a related problem in a
Gaussian Hermitian one-matrix model. In this section, we show that the similar reduction also
works for N = 2 superconformal gauge theories of general quiver type. The resulting matrix
model is, however, not Gaussian but includes non-trivial vertices due to nontrivial one-loop
determinant.
3
2.1 From N = 4 to N = 2
A shortcut route to an N = 2 gauge theory of general quiver type — with matters in various
different representations and coupling constants in different values — is to start with N = 4
super Yang-Mills theory. In this section, for completeness of our treatment, we elaborate on
this route. Let G be the gauge group. The latter theory consists of a gauge field Am with
m = 1,2,3,4, scalar fields A0,A5, · · · ,A9 and an SO(9,1) Majorana-Weyl spinor Ψ, all in the
adjoint representation of G. The action can be written compactly as
SN =4 =
∫
R4
d4x Tr
(
−1
4
FMNFMN − i2ΨΓ
MDMΨ
)
, (2.1)
where M,N = 0, · · · ,9 and
FMN = ∂MAN −∂NAM− ig[AM,AN], (2.2)
DMΨ = ∂MΨ− ig[AM,Ψ], (2.3)
ΓΨ = +Ψ. (2.4)
Note that the metric of the base manifold R4 is taken in the Euclidean signature, while the
ten-dimensional ’metric’ ηMN is taken Lorentzian with η00 =−1. As usual in the dimensional
reduction, the derivatives other than ∂m are set to zero.
The action (2.1) is invariant under the supersymmetry transformations
δAM = −iξΓMΨ, (2.5)
δΨ = 1
2
FMNΓMNξ, (2.6)
where ξ is a constant SO(9,1) Majorana-Weyl spinor-valued supersymmetry parameter satis-
fying the chirality condition Γξ = +ξ. In what follows, we rewrite the action (2.1) so that the
resulting action provides a useful guide to deduce the action of an N = 2 gauge theory with
hypermultiplet fields of arbitrary representations.
We first choose which half of the supercharges of the N = 4 supersymmetry is to be pre-
served. This choice corresponds to the choice of embedding the SU(2) R-symmetry of N = 2
theory into the SU(4) R-symmetry of the N = 4 theory. Consider one such embedding defined
by the matrix
M :=

 x6 + ix7 −(x8− ix9)
x8 + ix9 x6− ix7

 . (2.7)
Its determinant is
detM = (x6)2 +(x7)2 +(x8)2 +(x9)2, (2.8)
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so it is obvious that any transformation of the form
M → gLMgR, gL ∈ SU(2)L, gR ∈ SU(2)R (2.9)
belongs to the SO(4) transformation acting on (x6, · · · ,x9) ∈ R4. Note that this transformation
preserves the embedding (2.7). In the ten-dimensional language, SU(4) R-symmetry of the
N = 4 theory is realized as the rotational symmetry SO(6) of R6. Therefore, one embedding of
SU(2) R-symmetry into SU(4) is chosen by selecting SU(2)L or SU(2)R. We choose the latter
as the R-symmetry of the N = 2 theories.
There is a U(1) subgroup of SU(2)L generated by σ3. Let R(θ) be an element of this U(1).
This is θ-rotation in 67-plane and (−θ)-rotation in 89-plane. In the following, we require
that the supercharges preserved in N = 2 theory should be invariant under the R(θ). For an
infinitesimal θ, R(θ) acts on the supersymmetry transformation parameter ξ as
δθξ =−12θ(Γ
6Γ7−Γ8Γ9)ξ. (2.10)
Therefore, ξ should satisfy
Γ6789ξ =−ξ, (2.11)
selecting eight components out of the original sixteen ones.
The scalar fields As with s = 6,7,8,9 can be combined into the doublet qα (α = 1,2) of
SU(2)R as
q1 :=
1√
2
(A6− iA7), q2 :=− 1√2(A8+ iA9), (2.12)
and their conjugates qα = (qα)†. Gamma matrices γα,γα are defined similarly in terms of Γs.
They satisfy
{γα,γβ}= 2δαβ , {γα,γβ}= 0 = {γα, γβ }. (2.13)
Note that, for arbitrary vectors V s and W s, one has
VsW s =VαW α +V αWα. (2.14)
The Majorana-Weyl spinor Ψ is split into the chirality eigenstates with respect to Γ6789 as
follows:
λ := 1
2
(1−Γ6789) Ψ, η := 1
2
(1+Γ6789) Ψ. (2.15)
Both fermions are Majorana-Weyl. We further split η into η±, which are eigenstates of
γ := 1
2
[γα,γα] =
i
2
(Γ6Γ7−Γ8Γ9) . (2.16)
Note that γ is the generator for R(θ) and hence satisfies
γ2 = 1
2
(1+Γ6789), [γ,γα] = +γα, [γ,γα] =−γα. (2.17)
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Now, η± are not Majorana-Weyl. In fact, they are related by charge conjugation
(ηA±)∗ = C ηA∓, (2.18)
where A is the index for the adjoint representation of G and C is the complex conjugation matrix.
So, we shall denote η− by ψ. Then, modulo a phase factor, η+ is ψ†.
In terms of Aµ (µ = 0, · · · ,5), qα,qα, λ and ψ, the action (2.1) can be written as
SN =4 =
∫
R4
d4xTr
(
−1
4
FµνFµν−DµqαDµqα− i2λΓ
µDµλ− iψΓµDµψ
−gλγα[qα,ψ]−gψγα[qα,λ]−g2[qα,qβ][qβ,qα]+
1
2
g2[qα,qα][qβ,qβ]
)
,(2.19)
with the understanding that the dimensional reduction sets ∂µ = 0 for µ = 0,5. The supersym-
metry transformations (2.5),(2.6) can be written as
δAµ = −iξΓµλ, (2.20)
δqα = −iξγαψ, (2.21)
δqα = −iψγαξ (2.22)
δλ = +1
2
FµνΓµνξ− ig[qα,qβ]γαβξ, (2.23)
δψ = +DµqαΓµγαξ. (2.24)
Again, if ξ obeys the projection condition (2.11), the action (2.19) has N = 2 supersymmetry.
At this stage, we shall be explicit of representation contents of (qα,ψ) fields and their con-
jugates. Let (T A)BC =−i f ABC be the generators of Lie(G) in the adjoint representation. We also
impose on ξ the projection condition (2.11). In terms of them, the action (2.19) can be written
as
SN =2 =
∫
R4
d4x
(
−1
4
tr(FµνFµν)− i2tr(λΓ
µDµλ)−DµqαDµqα− iψΓµDµψ
+gλAγαqαTAψ+gψγαTAqαλA−g2(qαT Aqβ)2 + 12g
2(qαTAqα)2
)
, (2.25)
where the gauge covariant derivatives are
Dµqα = ∂µqα− iAAµ TAqα, (2.26)
Dµqα = ∂µqα + iqαTAAAµ , (2.27)
Dµψ = ∂µψ− iAAµ TAψ. (2.28)
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The N = 2 supersymmetry transformation rules are
δAµ = −iξΓµλ, (2.29)
δλA = +1
2
FAµνΓµνξ+ iqαT Aqβγαβξ, (2.30)
δqα = −iξγαψ, (2.31)
δqα = −iψγαξ (2.32)
δψ = +DµqαΓµγαξ. (2.33)
The above action (2.25) is equivalent to the original action (2.1): we have just rewritten the orig-
inal action in terms of renamed component fields. The supersymmetry transformations (2.29)-
(2.33) are also equivalent to (2.5) - (2.6) in so far as ξ is projected to N = 2 supersymmetry as
(2.11).
It turns out that the action (2.25) is invariant under N = 2 supersymmetry transformations
(2.29)-(2.33) even for T A in a generic representation R of the gauge group G, which can also
be reducible. Therefore, (2.25) defines an N = 2 gauge theory with matter fields (qα,ψ) in the
representation R and their conjugates.
It is also possible to treat ˆAk−1 quiver gauge theories on the same footing. We embed the
orbifold action Zk into SU(2)L. In this paper, we shall focus on ˆA1 quiver gauge theory. In this
case, we should substitute
Aµ =

 Aµ(1)
Aµ(2)

 , λ =

 λ(1)
λ(2)

 ,
qα =

 q(1)α
q(2)α

 , ψ =

 ψ(1)
ψ(2)

 . (2.34)
into (2.19). Note that the N = 2 supersymmetry (2.29)-(2.33) is preserved even when the gauge
coupling constant g is replaced with the matrix-valued one:
g =

 g1 I
g2 I

 . (2.35)
In general, g1 6= g2 and can be extended to complex domain. Extension to ˆAk(k≥ 2) is straight-
forward.
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2.2 Superconformal symmetry on S4
Following [6], we now define the N = 2 superconformal gauge theory on S4 of radius r. For
definiteness, we consider the round-sphere with the metric hmn induced through the standard
stereographic projection. Details are summarized in Appendix A.
For this purpose, it also turns out convenient to start with N = 4 super Yang-Mills theory
defined on S4. To maintain conformal invariance, the scalars ought to have the conformal
coupling to the curvature scalar of S4. The action thus reads
SN =4 =
∫
S4
d4x
√
h Tr
(
−1
4
FMNFMN − 1
r2
ASAS− i2ΨΓ
MDMΨ
)
, (2.36)
where S= 0,5,6, · · · ,9. The action is invariant under the N = 4 supersymmetry transformations
δAM = −iξΓMΨ, (2.37)
δΨ = +1
2
FMNΓMNξ−2ΓSASξ˜ , (2.38)
provided that ξ and ξ˜ satisfy the conformal Killing equations:
∇mξ = Γmξ˜, ∇mξ˜ =− 14r2 Γmξ. (2.39)
Explicit form of the solution to these equations are given in Appendix A.
The action of an N = 2 gauge theory on S4 with a hypermultiplet of representation R can
be deduced easily as in the previous subsection. One obtains
SN =2 =
∫
S4
d4x
√
h
(
−1
4
Tr(FµνFµν)− i2Tr(λΓ
µDµλ)− 1
r2
Tr(AaAa)
−DµqαDµqα− iψΓµDµψ− 2
r2
qαqα
+gλAγαqαTAψ+gψγαTAqαλA−g2(qαT Aqβ)2 + 12g
2(qαTAqα)2
)
,(2.40)
where a = 0,5. The action is invariant under the N = 2 superconformal symmetry
δAµ = −iξΓµλ,
δλA = +1
2
FAµνΓµνξ+ igqαT Aqβγαβξ−2ΓaAAa ξ˜,
δqα = −iξγαψ,
δqα = −iψγαξ
δψ = +DµqαΓµγαξ−2γαqαξ˜ ,
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where ξ satisfies the conformal Killing equations (2.39) in addition to the projection condition
(2.11). We emphasize that this is the transformation of the N = 2 superconformal symmetry,
not just the Poincare´ part of it. This can be checked explicitly, for example, by examining the
commutator of two transformations on the fields.
We find it convenient to define a fermionic transformation Q corresponding to the above
superconformal transformation δ. It is obtained easily by the replacement δ→ θQ and ξ→ θξ
with θ a real Grassmann parameter. The resulting transformation is
QAµ = −iξΓµλ,
QλA = +1
2
FAµνΓµνξ+ igqαT Aqβγαβξ−2ΓaAAa ξ˜,
Qqα = −iξγαψ,
Qqα = −iψγαξ,
Qψ = +DµqαΓµγαξ−2γαqαξ˜, (2.41)
where now ξ and ξ˜ are bosonic SO(9,1) Majorana-Weyl spinors satisfying N = 2 projection
(2.11) and conformal Killing equation (2.39).
2.3 Localization
By extending the localization technique of [6], we now show that computation of Wilson loop
expectation value in N = 2 superconformal gauge theory of quiver type can be reduced to
computation of a one-matrix integral.
Let Q be a fermionic transformation. Suppose that an action S under consideration is in-
variant under Q. Then, the following modification
S(t) := S+ t
∫
d4x
√
hQV (x) (2.42)
does not change the partition function provided that
∫
d4x
√
hQ2V (x) = 0. (2.43)
Likewise, correlation functions remain unchanged if operators under consideration are Q-invariant.
We shall choose V (x) such that the bosonic part of QV (x) is positive semi-definite. For this
choice, since t can be chosen to be an arbitrary value, we can take the limit t → +∞ so that
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the path-integral is localized to configurations where the bosonic part of QV (x) vanishes. It
will turn out later that the vanishing locus of QV (x) is parametrized by a constant matrix. This
is why the evaluation of the expectation value of a Q-invariant operator reduces to a matrix
integral. The action of the resulting matrix model is the sum of S evaluated at the vanishing lo-
cus and the one-loop determinant obtained from the quadratic terms of QV (x) when expanded
around the vanishing locus.
One might think that the fermionic transformation Q defined in the previous section can be
used as Q above. In fact, Q2 is a sum of bosonic transformations, and therefore, (2.43) appears
to hold as long as V (x) is invariant under the transformations. The problem of this choice is that
Q2 is such a sum only on-shell. According to [13],[14] and [15], Q has to be modified so that
the resulting Q closes to a sum of bosonic transformations for off-shell.
To this end, we introduce auxiliary fields Km˙ (m˙ = ˆ2, ˆ3, ˆ4), Kα and Kα. They transform in
the adjoint, R and R representations of the gauge group G, respectively. Utilizing them, we
modify the action (2.40) in a trivial manner:
SN =2 =
∫
S4
d4x
(
−1
4
Tr(FµνFµν)− i2Tr(λΓ
µDµλ)− 1
r2
Tr(AaAa)
−DµqαDµqα− iψΓµDµψ− 2
r2
qαqα
+gλAγαqαTAψ+gψγαTAqαλA−g2(qαT Aqβ)2 + 12g
2(qαTAqα)2
+
1
2
Km˙Km˙ +KαKα
)
. (2.44)
Evidently, this action is physically equivalent to the original one. The modified action (2.44) is
now invariant under the following Q transformations:
QAµ = −iξΓµλ,
QλA = +1
2
FAµνΓµνξ+ igqαT Aqβγαβξ−2ΓaAAa ξ˜+Km˙Aνm˙,
Qqα = −iξγαψ,
Qqα = −iψγαξ,
Qψ = +DµqαΓµγαξ−2γαqαξ˜+Kανα,
Qψ = +DµqαξγαΓµ +2ξ˜γαqα +Kανα,
QKm˙A = −νm˙
(
−iΓµDµλA +gγαqαT Aψ−gγαψ∗T Aqα
)
,
QKα = −να
(
−iΓµDµψ+ γβTAqβgλA
)
,
QKα = −
(
−iDµψΓµ−gλAγβqβTA
)
να. (2.45)
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To make Q2 close to a sum of bosonic transformations off-shell, the spinors νm˙, να, να should
be chosen appropriately out of ξ, ξ˜. Details on them are summarized in Appendix B. With the
correct choice, Q2 closes, for example, on λ as follows:
− iQ2λ =
(
vm∇mλ− 12(ξΓmnξ˜)Γ
mnλ− ig[vµAµ,λ]
)
+
1
2
(ξΓst ξ˜)Γstλ. (2.46)
This shows that Q2 is a sum of a diffeomorphism on S4, a G gauge transformation and a global
SU(2)R transformation. In particular, notice that ξΓst ξ˜ turns out to be independent of xm. The
action of Q2 on the auxiliary fields is slightly different. For example, on Km˙, one obtains
− iQ2Km˙ = vk∇kKm˙− ig[vµAµ,Km˙]+νm˙Γk∇kνn˙Kn˙. (2.47)
Here, the index m˙ does not transform as a part of the four-vector on S4. This is not a problem
since Km˙ is contracted with νm˙ in V defined below, and not with some other four-vectors. The
Q defined above is the right transformation available for the localization procedure.
We are at the position to choose V . We take
V := Tr(Vλλ)+Vψψ+ψVψ, (2.48)
where
Vλ =
1
2
FµνξΓ0Γµν + igqαT AqβtAξΓ0γαβ +2ξ˜Γ0ΓaAa +Km˙νm˙Γ0, (2.49)
Vψ = DµqαξΓ0Γµγα +2ξ˜Γ0γαqα +KαναΓ0, (2.50)
Vψ = DµqαγαΓµΓ0ξ−2γαqαΓ0ξ˜+KαΓ0να. (2.51)
Note that V is a scalar with respect to a particular combination of the diffeomorphism on S4, the
G gauge transformation and the global SU(2)R transformation. This follows from the identities
for the spinors, for example,
vm∇mξ− 12(ξΓmnξ˜)Γ
mnξ+ 1
2
(ξΓst ξ˜)Γstξ = 0, (2.52)
and similar ones for ξ˜ and νI which are summarized in Appendix A and B. Therefore, (2.43) is
satisfied with this choice, as required.
After straightforward but tedious algebra, one obtains the bosonic part of QV expressed as
Tr(VλQλ)+VψQψ+QψVψ
∣∣∣
bosonic
= Tr
[
cos2
θ
2
(F+mn +w
+
mnA5)2 + sin2
θ
2
(F−mn+w
−
mnA5)2− (Km˙−2A0νm˙ξ˜)2
+DmAaDmAa− 12g
2[Aa,Ab]2 +g2tAtB(2qαT AqβqβT Bqα−qαT AqαqβT Bqβ)
]
+2D0qαD0qα +2|Dµ˙qα +ξΓ0µ˙γαβξ˜qβ|2 + 32r2 qαq
α−2KαKα, (2.53)
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where θ is the polar angle on S4, µ˙ = 1,2, · · · ,5 and
w+mn :=
1
cos2 θ2
ξΓ05Γmn 1−Γ
ˆ1ˆ2ˆ3ˆ4
2
ξ˜, (2.54)
w−mn :=
1
sin2 θ2
ξΓ05Γmn 1+Γ
ˆ1ˆ2ˆ3ˆ4
2
ξ˜ . (2.55)
Here, the hatted indices are the Lorentz ones. The above expression shows that, after a suitable
Wick rotation for A0 and the auxiliary fields, the bosonic part of QV is positive semi-definite.
Therefore, by taking the limit t → +∞, the path-integral is localized at the vanishing locus of
QV . It turns out that, as in [6], non-zero fields at the vanishing locus are
A0 =− igrΦ, K
ˆ2 =− i
gr2
Φ, (2.56)
where Φ is a constant Hermitian matrix. The coefficients are chosen for later convenience.
Now, the path-integral is reduced to an integral over the Hermitian matrix Φ. The action of
the corresponding matrix model is a sum of the action (2.44) evaluated at the vanishing locus
and the one-loop determinant for the quadratic terms in QV . Note that higher-loop contribu-
tions vanish in the large t limit since t−1 plays the role of the loop-counting parameter. At the
vanishing locus, the action (2.44) takes the value
S =−
∫
S4
d4x
√
hTr
( 1
r2
(A0)2 +
1
2
(K ˆ2)2
)
=
4pi2
g2
TrΦ2. (2.57)
An important difference from the N = 4 super Yang-Mills theory is that the one-loop determi-
nant around the vanishing locus does not cancel and has a complicated functional structure. In
the next section, we show that the presence of the non-trivial one-loop determinant is crucial
for determining the large ‘t Hooft coupling behavior of the half-BPS Wilson loop.
The half-BPS Wilson loop of N = 2 gauge theory has the following form:
W [C] := TrPs exp
[
ig
∫ 2pi
0
ds
(
x˙mAm(x)+θaAa(x)
)]
. (2.58)
The functions xm(s), θa(s) are chosen appropriately to preserve a half of the N = 2 supercon-
formal symmetry. We shall choose C to be the great circle at the equator of S4 (i.e. θ = pi2 )
specified by
(x1,x2,x3,x4) = (2r coss,2r sins,0,0), (2.59)
and θa as
θ0 = r, θ5 = 0. (2.60)
12
For this choice, one can show that
x˙mAm(x)+θaAa(x) =−rvµAµ(x), (2.61)
where vµ = ξΓµξ. See Appendix A for the explicit expressions of vµ. This implies that W [C] is
invariant under Q due to the identity
ξΓµξξΓµλ = 0. (2.62)
Thus, we have shown that 〈W [C]〉 is calculable by a finite-dimensional matrix integral. The
operator whose expectation value in the matrix model is equal to 〈W [C]〉 is
Tr exp
(
2piΦ
)
. (2.63)
Notice that it is solely governed by the constant-valued, Hermitian matrix Φ. This enables us to
compute the Wilson loops in terms of a matrix integral. This observation will also play a role
in identifying holographic dual geometry later.
3 Wilson loops at Large ‘t Hooft Coupling
We have shown that evaluation of the Wilson loop 〈W [C]〉 is reduced to a related problem in
a one-Hermitian matrix model. Still, the matrix model is too complicated to solve exactly.
In the following, we focus our attention to either the N = 2 superconformal gauge theory
of A1 type with G =U(N) coupled to 2N fundamental hypermultiplets and of ˆA1 type with
G =U(N)×U(N), both at large N limit. For these theories, we show that the large ‘t Hooft
coupling behavior is determinable by a few quantities extracted from the one-loop determinant.
This allows us to exactly evaluate the Wilson loop 〈W [C]〉 in the large N and large ’t Hooft
coupling limit.
3.1 General results in one matrix model
Consider a matrix model for an N×N Hermitian matrix X . In the large N limit, expectation
value of any operator in this model is determinable in terms of eigenvalue density function ρ(x)
of the matrix X . By definition, ρ(x) is normalized by
∫
dxρ(x) = 1. (3.1)
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Let D denote the support of ρ(x). We assume that1
min{D}=: b < 0 < a := max{D}. (3.2)
Expectation value of the operator 1N Tr(e
cX) (c > 0) is given in terms of ρ(x) as
W :=
〈
1
N
Tr(ecX)
〉
=
∫
dxρ(x)ecx. (3.3)
By the assumption on the support D, the value of W is bounded:
ecb ≤W ≤ eca. (3.4)
b                                               a                        x
 β α(a - x)
Figure 2: Typical distribution of the eigenvalue density ρ.
We are interested in the behavior of W in the limit a→+∞. Introducing the rescaled density
function ρ˜(x) = aρ(ax), W is written as
W = eca
∫ 1− ba
0
du ρ˜(1−u)e−cau where x = a(1−u). (3.5)
At the right edge of the support D, we expect that the density cuts off with a power-law tail:
ρ˜(1−u) = βuα +χ(u) where |χ(u)| ≤ Kuα+ε, u ∈ (0,δ) (3.6)
for a positive K,ε,δ. See figure 2. Here, α > 0 signifies the leading power of the fall-off at the
right edge: χ refers to the sub-leading remainder. Then, for a large positive a, (3.6) leads to the
following asymptotic behavior:
W ∼ βΓ(α+1)(ca)−α−1eca, (3.7)
1 If X is traceless, the assumption is always valid since
∫
dxρ(x)x = 0 must hold. In the large N limit, the
contribution from the trace part is negligible.
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Details of the derivation of (3.7) are relegated to Appendix C.
We have found that the large a behavior of W is determined by the functional form of ρ(x) in
the vicinity of the right edge of its support. In particular, we found that the leading exponential
part is determined solely by the location of the right edge of the eigenvalue distribution.
For comparison, let us recall the exact form of the Wilson loop in N = 4 super Yang-Mills
theory [4], which is a special case of the ˆA0 gauge theory. In this case, the eigenvalue density
function is given by
ρ(x) = 4piλ
√
λ
2pi2
− x2 , (3.8)
which is the solution of the saddle-point equation
4pi2
λ φ =
∫
− dφ′ ρ(φ
′)
φ−φ′ . (3.9)
The Wilson loop is evaluated as follows:
〈W [C]〉 = 4piλ
∫ +√λ/pi
−
√
λ/pi
dxe2pix
√
λ
2pi2
− x2
=
2√
2λ
I1(
√
2λ)
∼
√
2
pi
(2λ)− 34 e
√
2λ. (3.10)
We see that this asymptotic behavior is reproduced exactly by (3.7) with α = 12 of (3.8) 2.
3.2 One-loop determinant and zeta function regularization
Let us return to the evaluation of 〈W [C]〉. To determine the eigenvalue density function ρ of
the Hermitian matrix Φ, it is necessary to know the explicit functional form of the one-loop
determinant. However, this is a formidable task for a generic N = 2 gauge theory. Fortunately,
as shown in the previous subsection, the leading behavior of 〈W [C]〉 is governed by a small
number of data if a = max(D) is large.
So, we shall assume that the limit λ → +∞ induces indefinite growth of a. This is a rea-
sonable assumption since otherwise 〈W [C]〉 does not grow exponentially in the limit λ → +∞,
implying that any N = 2 gauge theory with such a behavior of the Wilson loop cannot have
an AdS dual in the usual sense. In other words, we assume that the rescaled density function
2 Here, the definition of the gauge coupling constant g is different by the factor 2 from that in [4]
λγρ(λγx) has a reasonable large λ limit for a positive γ. Under this assumption, we now show
that the large λ behavior of the Wilson loop is determined by the behavior of the one-loop de-
terminant in the region where the eigenvalues of Φ are large. The asymptotic behavior in such
a limit is most transparently derivable from the heat-kernel expansion for a certain differential
operator in the zeta-function regularization of the one-loop determinant.
• A1 gauge theory:
Consider first the A1 gauge theory. There are contributions to the one-loop effective action
both from the hypermultiplet and the vector multiplet. We first focus on the hypermultiplet
contribution. If Q V is expanded around the vanishing locus (2.56), quadratic terms of the
hypermultiplet scalars become:
−qα(∆)αβqβ +
1
r2
ΦAΦBqαTATBqα, (3.11)
where
(∆)αβ = (∇mδαγ +Vmαγ)(∇mδ
γ
β +V
mγβ)−
1
4r2
(3+ cos2 θ)δαβ , (3.12)
Vmαβ = ξΓ0mγαβξ˜. (3.13)
If Φ is diagonalized as Φ = diag(φ1, · · · ,φN), then the second term in (3.11) can be written as
2N
r2
N
∑
i=1
(φi)2qiαqαi . (3.14)
Now the quadratic terms are decomposed into the sum of terms for components qαi . So, the one-
loop determinant of the hypermultiplet scalars is the product of determinants for each compo-
nents. Let FBh (Φ) denote a part of the matrix model action induced by the one-loop determinant
for the hypermultiplet scalars qα. Its contribution to the effective action can be written as
FBh (Φ) = 2N
N
∑
i=1
FBh (φi), (3.15)
where FBh (m) is formally given as
FBh (m) := logDet
(
−∆+ m
2
r2
)
. (3.16)
Notice that the eigenvalues φi enter as masses of qαi . Therefore, what we need to analyze is the
large m behavior of FBh (m).
We now evaluate the function FBh (m) in the limit m → ∞. In terms of Feynman diagram-
matics, this amounts to expanding the one-loop determinant in the background of scalar field
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(m/r)2. Let D(m) = Det(−∆+m2/r2). The relation (3.16) is afflicted by ultraviolet infinities,
so it should be regularized appropriately. The determinant is formally defined over the space
spanned by the normalizable eigenfunctions of −∆. Let λk (k = 0,1,2, · · ·) be eigenvalues of
−∆:
−∆ψk = λkψk. (3.17)
Then, D(m) can be formally written as
D(m) =
∞
∏
k=0
(
λk +
m2
r2
)
. (3.18)
To make this expression well-defined, let us define a regularized function
ζ(s,m) := r−2s
∞
∑
k=0
1
(λk +m2/r2)s
, (3.19)
where s is a complex variable. This summation may be well-defined for s with sufficiently large
Re(s). One can formally differentiate ζ(s,m) with respect to s to obtain
∂sζ(s,m)
∣∣∣
s=0
=−
∞
∑
k=0
log(r2λk +m2) =− log[r2D(m)]. (3.20)
Since the left-hand side makes sense via a suitable analytic continuation of (3.19), it can be
regarded that the right-hand side is defined by the left-hand side. Therefore, we define the
function FBh (m) via the zeta-function regularization:
FBh (m) :=−∂sζ(s,m)
∣∣∣
s=0
. (3.21)
The large m behavior of FBh (m) is determined as follows. For a suitable range of s, ζ(s,m)
can be written as
ζ(s,m) = r
−2s
Γ(s)
∫
∞
0
dt ts−1e−m2t/r2K(t), (3.22)
where
K(t) :=
∞
∑
k=0
e−λkt = Tr(et∆) (3.23)
is the heat-kernel of ∆. The convergence of this sum is assumed. The asymptotic expansion of
K(t) is known as the heat-kernel expansion. For a review on this subject, see e.g. [16]. Since ∆
is a differential operator on S4, the heat-kernel expansion has the form
K(t)∼
∞
∑
i=0
t i−2a2i(∆) (3.24)
In the expansion, a2i(∆) are known as the heat-kernel coefficients for ∆.
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The expression (3.22) of ζ(s,m) is only valid for a range of s, but ζ(s,m) can be analytically
continued to the entire complex plane provided that the asymptotic expansion (3.24) is known.
In particular, there exists a formula for the asymptotic expansion of ζ(s,m) in the large m limit
[17]
ζ(s,m)∼
∞
∑
i=0
a2i(∆)r2i−4
Γ(s+ i−2)
Γ(s)
m−2s−2i+4, (3.25)
valid in the entire complex s-plane. Note that a2i(∆)r2i−4 are dimensionless combinations.
Differentiating with respect to s and setting s = 0, one obtains
FBh (m) =
(1
2
m4 logm2− 3
4
m4
)
a0(∆)r−4−
(
m2 logm2−m2
)
a2(∆)r−2
+ logm2 a4(∆)+O(m−2 logm). (3.26)
The evaluation of the one-loop determinant for the hypermultiplet fermions can be done
similarly. The quadratic terms of the fermions are given by
iψΓm∇mψ− i
r
ψΓ0ΦATAψ+
i
2
(ξΓµνξ˜)ψΓ0Γµνψ. (3.27)
We need to evaluate − logDet(iD/ ) where
iD/ := iΓm∇m− m
r
iΓ0 +
κ
2
(ξΓµνξ˜)Γ0Γµν (3.28)
with κ = i. In the following, we will evaluate−12 logDet(iD/ )2 with a real κ, for which (iD/ )2 is
non-negative and its heat-kernel is well-defined, and then substitute κ = i into the final expres-
sion. The validity of this procedure is justified by convergence of the result.
The explicit form of (iD/ )2 is given by
(iD/ )2 = −(∇m +Vm)(∇m+V m)− 12Γ
mn[∇m,∇n]− 3κ
2
4r2
sin2 θ
−κ
2
4
(ξΓµνξ˜)(ξΓρσξ˜)ΓµνΓρσ + iκm
r
(ξΓµνξ˜)Γµν + m
2
r2
:= −∆F + m
2
r2
. (3.29)
where
Vm = iκ(ξΓmµξ˜)Γ0Γµ. (3.30)
The fermion case is slightly different from the scalar case since there is a term linear in m
in −∆F . However, the asymptotic expansion of the zeta-function-regularized one-loop determi-
nant can be made in the fermion case as well. The part FFh (Φ) of the matrix model action due
to ψ has a similar form with FBh (Φ), with different coefficients.
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The total one-loop contribution of hypermultiplet to the effective action is Fh = FBh +FFh .
Because of underlying supersymmetry, the terms of order m4 and m4 logm2 cancel between FBh
and FFh . The resulting expression for Fh is
Fh = 2N
N
∑
i=1
F(φi), (3.31)
F(m) = c1m2 logm2 + c2m2 + c3 logm2 +O(m−2 logm). (3.32)
The fact that c1 is positive will turn out to be important later, while the exact values of the
coefficients are irrelevant for the large ‘t Hooft coupling behavior of the Wilson loop. We
presented details of computation of c1 in Appendix D. Notice that, at least up to this order,
F(m) is an even function of m.
Obviously, Fh depends on field contents. The expression for Fh when R is the adjoint rep-
resentation can be found easily by noticing that, for example, the ’mass’ term of qα can be put
to
1
r2 ∑i 6= j(φi−φ j)
2qi jαqαji. (3.33)
In this case, Fh is written as
Fh
∣∣∣
adj.
= ∑
i 6= j
F(φi−φ j). (3.34)
Note that F(m) here is the same function as (3.32).
Direct evaluation of the contribution from the vector multiplet, which we denote as Fv,
appears more complicated since there are mixing terms between Am and Aa. Fortunately, it was
shown in [6] that Fv and Fh cancel each other in N = 4 super Yang-Mills theory. This implies
from (3.34) that
Fv =−∑
i 6= j
F(φi−φ j). (3.35)
• ˆA1 gauge theory:
We next consider the ˆA1 quiver gauge theory. In this case, qα and ψ consist of bi-fundamental
fields. The Φ is a block-diagonal matrix:
Φ =

 Φ(1)
Φ(2)

 , (3.36)
in which Φ(1) = diag(φ(1)1 , · · · ,φ(1)N ) and Φ(2) = diag(φ(2)1 , · · · ,φ(2)N ), respectively. By repeating
the similar computations, one can easily show that Fh has the form
Fh = 2
N
∑
i, j=1
F(φ(1)i −φ(2)j ), (3.37)
19
and Fv has the form
Fv =−∑
i 6= j
F(φ(1)i −φ(1)j )−∑
i 6= j
F(φ(2)i −φ(2)j ). (3.38)
The total one-loop contribution is the sum F = Fh +Fv.
As a consistency check of the above result, consider taking the two nodes identical. This
reduces the number of nodes from two to one, and hence must map the ˆA1 gauge theory to ˆA0
one. The reduction puts Φ(1) and Φ(2) equal. Then, up to an irrelevant constant, Fv is precisely
minus of Fh. We thus see that F vanishes identically, reproducing the known result of the ˆA0
gauge theory.
3.3 Saddle-point equations
We can now extract the saddle-point equations for the matrix model and determine the large ‘t
Hooft coupling behavior of the Wilson loop from them.
• A1 gauge theory:
In this theory, the saddle-point equation reads
8pi2
λ φk +2F
′(φk)− 2N ∑i 6=k F
′(φk−φi) = 2N ∑i 6=k
1
φk−φi . (3.39)
As explained before, we assume that λγρ(λγφ) for a positive γ has a sensible large λ asymptote.
By rescaling φk → λγφk, one obtains
8pi2φk +2λ1−γF ′(λγφk)− 2N ∑i 6=k λ
1−γF ′(λγ(φk−φi)) = 2N λ
1−2γ ∑
i 6=k
1
φk−φi . (3.40)
Recall that F(x) ∼ c1x2 logx2 for large x. This shows that the leading-order equation for large
λ is given by
4c1φk logφk +2(c1+c2)φk− 2N ∑i 6=k
[
2c1(φk−φi) log(φk−φi)+(c1+c2)(φk−φi)
]
= 0. (3.41)
Differentiating twice with respect to φk, one obtains
1
φk =
1
N ∑i 6=k
1
φk−φi . (3.42)
Notice that c1 and c2 dropped out. Now, this equation has no sensible solution. Therefore, we
conclude that the scaling assumption we started with is invalid, implying that the Wilson loop
in this theory cannot grow exponentially in the large ‘t Hooft coupling limit.
20
There is another way to check the finiteness of the Wilson loop. Let us rewrite the saddle-
point equation as follows:
8pi2
λ φk +2F
′(φk) = 2N ∑i 6=k F
′(φk−φi)+ 2N ∑i 6=k
1
φk−φi . (3.43)
The left-hand side represents the external force acting on the eigenvalues, while the right-hand
side represents the interactions among the eigenvalues. For a large φk, the external force is
dominated by 2F ′(φk), which is nonzero. This implies that the large λ limit must be smooth,
and the Wilson loop expectation value approaches a finite value. Recall that in the case of
N = 4 super Yang-Mill theory, the large λ limit renders the external force to vanish, resulting
in an indefinite spread of the eigenvalues. This is reflected in the exponential growth of the
Wilson loop expectation value.
Implications of this surprising conclusion are far reaching: the N = 2 supersymmetric gauge
theory coupled to 2N fundamental hypermultiplets, although superconformal, must have a holo-
graphic dual whose geometry does not belong to the more familiar cases such as N = 4 super
Yang-Mills theory. Central to this phenomenon is that there are two ‘t Hooft coupling param-
eters whose ratio can be tuned hierarchically large or small. In particular, we can tune one of
them to be smaller than O(1), which also renders two widely separated length scales (in units
of string scale) in the putative gravity dual background. In the next section, we shall discuss
how nonstandard the dual geometry ought to be by using the non-exponential behavior of the
Wilson loop as a probe.
• ˆA1 gauge theory:
In this theory, there are two saddle-point equations corresponding to two matrices Φ(1) and
Φ(2):
8pi2
λ1
φ(1)k +
2
N
N
∑
i=1
F ′(φ(1)k −φ(2)i )−
2
N ∑i 6=k F
′(φ(1)k −φ(1)i ) =
2
N ∑i 6=k
1
φ(1)k −φ(1)i
, (3.44)
8pi2
λ2
φ(2)k +
2
N
N
∑
i=1
F ′(φ(2)k −φ(1)i )−
2
N ∑i 6=k F
′(φ(2)k −φ(2)i ) =
2
N ∑i 6=k
1
φ(2)k −φ(2)i
, (3.45)
where λ1 = g21N and λ2 = g22N are the ‘t Hooft coupling constants of each gauge groups.
Denote ρ(1)(φ), ρ(2)(φ) the eigenvalue distribution functions for the Φ(1), Φ(2) matrices,
respectively. It is convenient to define
ρ(φ) := 1
2
(ρ(1)(φ)+ρ(2)(φ)), (3.46)
δρ(φ) := 1
2
(ρ(1)(φ)−ρ(2)(φ)). (3.47)
21
In terms of them, the above saddle-point equations are simplified as follows:
4pi2
λ φ =
∫
− dφ′ ρ(φ
′)
φ−φ′ , (3.48)
2pi2
[ 1
λ1
− 1λ2
]
φ−2
∫
− dφ′δρ(φ′)F ′(φ−φ′) =
∫
− dφ′δρ(φ
′)
φ−φ′ , (3.49)
where
1
λ :=
1
|Γ|
(
1
λ1
+
1
λ2
)
and |Γ|= 2. (3.50)
For obvious reasons, we refer these two as untwisted and twisted saddle-point equations. By
the scaling argument, one can show that δρ(φ) is negligible compared to ρ(φ) in the large λ
limit. In particular, when λ1 = λ2, it follows that δρ = 0 is a solution, consistent with Z2 parity
exchanging the two nodes. Therefore, the large λ behavior of the Wilson loop is determined by
(6.7), which is exactly the same as (3.9). Indeed, λ defined by (3.50) is exactly what is related
to gsN [18].
The two Wilson loops are then obtainable from the one-matrix model with eigenvalue den-
sity ρ±δρ:
W1 =
∫
D
dxeaxρ(1)(x) =
∫
D
dxeax[ρ(x)+δρ(x)]
W2 =
∫
D
dxeaxρ(2)(x) =
∫
D
dxeax[ρ(x)−δρ(x)]. (3.51)
We see that the untwisted and the twisted Wilson loops are given by
W (0) :=
1
2
(W1 +W2) =
∫
D
dxeax ρ(x)
W (1) :=
1
2
(W1−W2) =
∫
D
dxeax δρ(x). (3.52)
Inferring from the saddle-point equations (3.48, 3.49), we see that these Wilson loops are di-
rectly related to the average and difference of the two gauge coupling constants. It also shows
that the twisted Wilson loop will have nonzero expectation value once the two gauge couplings
are set different. In the next section, we shall see that they descend from moduli parameters of
six-dimensional twisted sectors at the orbifold singularity in the holographic dual description.
We have found the following result for the Wilson loop in ˆA1 quiver gauge theory. The
two Wilson loops, corresponding to the two quiver gauge groups, have exponentially growing
behavior at large ‘t Hooft coupling limit. Its functional form is exactly the same as the one
exhibited by the Wilson loop in N = 4 super Yang-Mills theory.
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3.4 Interpolation among the quivers
With the saddle-point equations at hand, we now discuss various interpolations among ˆA0,A1, ˆA1
theories and learn about the gauge dynamics. Our starting point is the ˆA1 theory, whose quiver
diagram has two nodes. See figure 1.
• Consider the symmetric quiver for which the two ‘t Hooft coupling constants take the ratio
λ1/λ2 = 1. Then the twisted saddle-point equation (3.49) asserts that δρ = 0 is the solution. It
follows that 〈W1〉− 〈W2〉 = 0, viz. the Wilson loop in the twisted sector vanishes identically.
Intuitively, the two gauge interactions are of equal strength, so the two Wilson loops are indis-
tinguishable. Moreover, from the untwisted saddle-point equation (3.48), we see that the Wilson
loop in the untwisted sector behaves exactly the same as the one in ˆA0 theory and, in particular,
N = 4 super Yang-Mills theory:
W (0) =
1
2
(
〈W1〉+ 〈W2〉
)
=
1√
2λ
I1(
√
2λ). (3.53)
It follows that the Wilson loop grows exponentially at large ‘t Hooft coupling limit, much the
same way as the ˆA0 theory does.
• Consider the asymmetric quiver where the ratio λ1/λ2 6= 1 but finite. The twisted saddle-
point equation (3.49) can be recast as
1
λ
(
B− 1
2
)∫
− dφ′ ρ(φ
′)
φ−φ′ =
∫
− dφ′ δρ(φ′)
[
1
2
1
φ−φ′ +F
′(φ−φ′)
]
. (3.54)
Here, we parametrized the difference of two inverse ‘t Hooft couplings as(
B− 1
2
)
:=
1
2
(
1
λ1
− 1λ2
)/( 1
λ1
+
1
λ2
)
. (3.55)
Obviously, taking into account the Z2 exchange symmetry between the two quiver nodes, B
ranges over the interval [0,+1]. The symmetric quiver considered above corresponds to B = 12 .
Solving first ρ from (3.48) and substituting the solution to (3.54), one solves δρ as a function of
B. We see from (3.54) that δρ ought to be a linear function of B throughout the interval [0,+1].
Equivalently, extending the range of B to (−∞,+∞), we see that δρ is a sawtooth function,
piecewise linear over each unit interval of B. In particular, it is discontinuous across B = 0 (and
across all other nonzero integer values). This is depicted in figure 3. Therefore, we conclude
that the Wilson loops W1,W2 at strong ‘t Hooft coupling limit are nonanalytic not only in λ
but also in B. In fact, as we shall recall in the next section, B = 0 is a special point where
the spacetime gauge symmetry is enhanced and the worldsheet conformal field theory becomes
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singular. Nevertheless, the Wilson loop in the untwisted sector behaves exactly the same as the
symmetric quiver, viz. (3.53). We conclude that the untwisted Wilson loop is independent of
strength of the gauge interactions.
-1               -1/2                 0                +1/2               +1   B
  tW
Figure 3: Dependence of twisted sector Wilson loops on the parameter B. It shows discontinuity at
B = 0, resulting in non-analytic behavior of the Wilson loops to both gauge couplings.
• Consider an extreme limit of the asymmetric quiver where the ratio λ1/λ2 → 0, equiva-
lently, λ2/λ1 →∞, viz. the two ‘t Hooft couplings are hierarchically separated. In this case, one
gauge group is infinitely stronger than the other gauge group and the ˆA1 quiver gauge theory
ought to become the A1 gauge theory . This can be seen as follows. In the ˆA1 saddle-point
equations (3.45), we see that φ(1) → 0 solves the first equation. Plugging this into the second
equation, we see it is reduced to the A1 saddle-point equation (3.43). This reduction poses a
very interesting physics since from the above considerations the Wilson expectation value in-
terpolates from the exponential growth of the ˆA1 quiver gauge theory to the non-exponential
behavior of the A1 gauge theory. In the next section, we shall argue that this is a clear demon-
stration (as probed by the Wilson loops) that holographic dual of the A1 gauge theory ought to
have internal geometry of string scale size.
We can also understand the interpolation directly in terms of the Wilson loop. Consider, for
example, λ2/λ1 → ∞. From the ˆA1 Wilson loops, using the fact that ρ(1)(x),ρ(2)(x) are strictly
positive-definite, we have
〈W2〉 =
∫
dλ ρ(2)(λ) eλ
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≤ 2
∫
dλ 1
2
[ρ(1)(λ)+ρ(2)(λ)]eλ
=
4√
2λ
I1(
√
2λ) . (3.56)
Since λ ∼ λ1 → 0, the Wilson loop is bounded from above by a constant. Note that the limit
λ1 → 0 can be safely taken: the saddle-point equation (3.48) is in fact exact in λ.
• Consider the limit λ1,λ2 → 0. In this limit,
λ = 2 λ1λ2λ1 +λ2
→ 0 , κ := λ2λ1 = fixed (3.57)
and the exact result (3.53) is expandable in power series of λ and κ:
W (0)
∣∣∣
exact
=
1
2
(
〈W1〉+ 〈W2〉
)
=
1
2
∞
∑
ℓ=0
∞
∑
m=0
(−)m(ℓ+m−1)!
(ℓ−1)!ℓ!(ℓ+1)!λ
ℓ
1κ
ℓ+m . (3.58)
Here, the exact result (3.53) is symmetric under λ1 ↔ λ2, so we assumed in (3.58) that κ < 1.
On the other hand, from standpoint of the quiver gauge theory, the Wilson loop in the fixed-order
perturbation theory is given by power series in λ1 or λ2:
W (0)
∣∣∣
pert
=
∞
∑
ℓ=0
∞
∑
m=0
Wℓ,mλℓ1λm2 =
∞
∑
ℓ=1
∞
∑
m=1
Wℓ,mλℓ+m1 κm. (3.59)
We see that the exact result (3.58) and the perturbative result (3.59) do not agree each other.
Recall that both results are obtained at planar limit N→ and ought to be absolutely convergent in
(λ,B) and in (λ1,λ2), respectively. The reason may be that the two sets of coupling constants are
not analytic in C2 complex plane. In fact, from (3.57), we see that λ(λ1,λ2) has a codimension-1
singularity at λ1+λ2 = 0. An exceptional situation is when λ1 = λ2. In this case, the singularity
disappears and, with the same power series expansion, we expect the exact result (3.58) and the
perturbative result (3.59) are the same.
We should note that the change of variables is well-defined at strong coupling regime. In
this regime, power series expansions in 1/λ1 and 1/λ2 is related unambiguously to power series
expansions in 1/λ and B. In fact, the change of variables
( 1
λ1
,
1
λ2
)
−→
( 1
λ ,B
)
(3.60)
is analytic and does not introduce any singularity around λ1,λ2 = ∞. In fact, as we will recapit-
ulate, these are the variables naturally introduced in the gravity dual description.
We remark that the analytic structure of the Wilson loops in quiver gauge theories is similar
to the Ising model in a magnetic field on a planar random lattice [20]. The latter is defined by a
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matrix model involving two interacting Hermitian matrices and involves two coupling parame-
ters: average ‘t Hooft coupling and magnetic field. Here again, by turning on the magnetic field,
one can scale two independent ‘t Hooft coupling parameters differently. In light of our results,
it would be extremely interesting to study this system in the limit the magnetic field is sent to
infinity.
4 Intuitive Understanding of Non-Analyticity
In the last section, the distinguishing feature of the A1 theory from the ˆA0, ˆA1 theories was that
growth of the Wilson loop expectation value was less than exponential. Yet, these theories are
connected one another by continuously deforming gauge coupling parameters. How can then
such a non-analytic behavior come about? 3 In this section, we offer an intuitive understanding
of this in terms of competition between screening and over-screening of color charges and also
draw analogy to the Kondo effect of magnetic impurity in a metal.
• screening versus anti-screening:
Consider first the weak coupling regime. The representation contents of these N = 2 quiver
gauge theories are such that the ˆA0 theory contains field contents in adjoint representations only,
while the ˆA1 and the A1 theories contain additional field contents in bi-fundamental or funda-
mental representations, respectively. The A1 theory contains additional massless multiplets in
fundamental representation, so we see immediately that the theory is capable of screening an
external color charge sourced by the Wilson loop for any representations. Since the theory is
conformal, the screening length ought to be infinite (zero is also compatible with conformal
symmetry, but it just means there is no screening) and impeding creation of an excitation en-
ergy above the ground state. Even more so, ‘tension’ of the color flux tube would go to zero. In
other words, once a static color charge is introduced to the theory, massless hypermultiplets in
fundamental representation will immediately screen out the charge to arbitrary long distances.
Though this intuitive picture is based on weak coupling dynamics, due to conformal symme-
try, it fits well with the non-exponential growth of the Wilson loop in the A1 theory, which we
derived in the previous section in the planar limit.
We stress that the screening has nothing to do with supersymmetry but is a consequence of
elementary consideration of gauge dynamics with massless matter in complex representations.
This is clearly illustrated by the well known two-dimensional Schwinger model. Generalization
of this Schwinger mechanism to nonabelian gauge theories showed that massless fermions in
arbitrary complex representation screens the heavy probe charge in the fundamental representa-
3This question was raised to us by Juan Maldacena.
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tion [21]. The screening and consequent string breaking by the dynamical massless matter was
observed convincingly in both two-dimensional QED [22] and three-dimensional QCD [23]. In
four-dimensional lattice QCD, the static quark potential V (R)a was computed (a denotes the
lattice spacing) for fermions in both quenched and dynamical simulations [24]. For quenched
simulation, the potential scaled linearly with R/a, indicating confinement behavior. For dynam-
ical simulation, the potential exhibited flattening over a wide range of the separation distance
R/a.
             (a)                                                                              (b)
Figure 4: Response of gauge theories to external color charge source. (a) For A1 theory, an external color
charge in fundamental representation of the gauge group is screened by the N f = 2Nc flavors of massless
matter fields, which are in fundamental representation (blue arrow). (b) For ˆA1 theory, an external color
charge in fundamental representation of the first gauge group is screened by the massless matter fields.
As the matter fields are in bi-fundamental representations (black and white arrows), color charge in the
second gauge group is regenerated and anti-screened. The process repeats between the two gauge groups
and leads the theory to exhibit Coulomb behavior.
The case of ˆA1 theory is more interesting. Having two gauge groups associated with each
nodes, consider introducing a static color charge of the representation R for, say, the first gauge
group in SU(N)×SU(N). The hypermultiplets transforming in (N,N) and (N,N) are in defining
representations with respect to the first gauge group, so they will rearrange their ground-state
configuration to screen out the color charge. But then, as these hypermultiplets are in defining
representation with respect to the second gauge group as well, a complete screening with respect
to the first gauge group will reassemble the resulting configuration to be in the representation
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R of the second gauge group in SU(N)×SU(N). This configuration is essentially the same as
the starting configuration except that the two gauge groups are interchanged (along with charge
conjugation). The hypermultiplets may opt to rearrange their ground-state configuration to
screen out the color charge of the second gauge group, but then the process will repeat itself and
returns back to the original static color charge of the first gauge group — in ˆA1 theory, perfect
screening of the first gauge group is accompanied by perfect anti-screening of the second gauge
group and vice versa. This is depicted in figure 4. Consequently, a complete screening never
takes place for both gauge groups simultaneously. Instead, the external color charge excites
the ground-state to a conformally invariant configuration with the Coulomb energy. Again, we
formulated this intuitive picture from weak coupling regime, but the picture fits well with the
exponential growth of the Wilson loop expectation value of ˆA1 theory we derived in the previous
section at planar limit.
• Analogy to Kondo effect:
It is interesting to observe that the screening vs. anti-screening process described above is
reminiscent of the multi-channel Kondo effect in a metal [25]. There, a static magnetic impurity
carrying a spin S interacts with conduction electrons and profoundly affects electrical transport
property at long distances. Suppose in a metal there are Nf flavors of conduction band electrons.
Thus, there are Nf channels and they are mutually non-interacting. The antiferromagnetic spin-
spin interaction between the impurity and the conduction electrons leads at weak coupling to
screening of the impurity spin S to Sren = (S−Nf/2). We see that the system with Nf < 2S
is under-screened, leading to an asymptotic screening of the impurity spin and that the system
with Nf > 2S is over-screened, leading to an asymptotic anti-screening of the impurity spin. The
marginally screened case, Nf = 2S, is at the border between the screening and the anti-screening:
the spin S of the magnetic impurity is intact under renormalization by the conduction electrons
(modulo overall flip of the spin orientation, which is a symmetry of the system). We thus
observe that the Coulomb behavior of the external color source in ˆA1 theory is tantalizingly
parallel to the marginally screened case of the multi-channel Kondo effect.
• Interpretation via brane configurations:
We can also understand the screening-Coulomb transition from the brane configurations de-
scribing ˆA1 and A1 theories 4. Consider Type IIA string theory on R8,1×S1, where the circle
direction is along x9 and have circumference L. We set up the brane configuration by introduc-
ing two NS5-branes stretched along (012345) directions and N stack of D4-branes stretched
along (01239) directions on intervals between the two NS5-branes. Generically, the two NS5-
4For a comprehensive review of brane configurations, see [26].
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branes are located at separate position on S1 and this corresponds to the ˆA1 theory. The gauge
couplings 1/g21 and 1/g22 of the two quiver gauge groups are proportional to the length of the
two x9-intervals of the D4-branes. When the two NS5-branes are located at diagonally opposite
points, say, at x9 = 0,L/2, the two gauge couplings of the ˆA1 theory are equal. This is depicted
in figure 5(a). By approaching one NS5-brane to another, say, at x9 = 0, we can obtain the
configuration in figure 5(b). This corresponds to A1 theory since the gauge coupling of the D4-
branes encircling the S1 becomes arbitrarily weak compared to that of the D4-branes stretched
infinitesimally between the two overlapping NS5-branes.
NS5                                                NS5                                                                         NS5-NS5
(a)                                                                                          (b)
 F1                                F1                                              F1                                    F1
Figure 5: Semiclassical Wilson loop in brane configuration of N = 2 superconformal gauge theories un-
der study: (a) ˆA1 theory with G =SU(N)× SU(N) and 2N bifundamental hypermultiplets. N D4-branes
stretch between two widely separated NS5-branes on a circle. The F1 (fundamental string) ending on or
emanating from D4-brane represent static charges. On D4-branes, having finite gauge coupling, conser-
vation of the F1 flux is manifestly. (b) A1 theory with G=SU(N) and 2N fundamental hypermultiplets.
The A1 theory is obtained from ˆA1 in (a) by approaching the two NS5-branes. The flux is leaked into
the coincident NS5-branes and run along their worldvolumes. On D4-branes, having vanishing gauge
coupling, conservation of the F1 flux is not manifest.
We now introduce external color charge to the D4-branes and examine fate of the color
fluxes. The external color sources are provided by a macroscopic IIA fundamental string ending
on the stacked D4-branes. Consider first the configuration of the ˆA1 theory. The color charge
is an endpoint of the fundamental string on one stack of the D4-branes, viz. one of the two
quiver gauge groups. Along the D4-branes, the endpoint sources color Coulomb field. The
color field will sink at another external color charge located at a finite distance from the first
external charge. See figure 2(a). We see that the color flux is conserved on the first stack of
D4-branes. We also see that, at weak coupling regime, effects of the NS5-branes are negligible.
Consider next the configuration of the A1 theory. Based on the considerations of the previous
section, we consider an external color charge to the stack of D4-branes encircling the S1. In this
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configuration, the two NS5-branes are coincident and this opens up a new possible color flux
configuration. To understand this, we recall the situation of stack of D1-D5 branes, which is
related to the macroscopic IIA string and stack of NS5-branes. In the D1-D5 system, it is well
known that there are threshold bound states of D1-branes on D5-branes provided two or more
D5-branes are stacked. For a single D5-brane, the D1-brane bound-state does not exist. This
suggests in the brane configuration of the A1 theory that the color flux may now be pulled to and
smear out along the two coincident NS5-branes. From the viewpoint of stack of the D4-branes
encircling S1, the color flux appears not conserved.
5 Holographic Dual
The exact results of the N = 2 Wilson loops at strong ‘t Hooft coupling limit we obtained in the
previous section revealed many intriguing aspects. In particular, compared to the more familiar,
exponential growth behavior of the N = 4 Wilson loops, we found the following distinguishing
features and consequences:
• In A1 gauge theory, the Wilson loop 〈W 〉 does not exhibit the exponential growth. Re-
placing 2N fundamental representation hypermultiplets by single adjoint representation
hypermultiplet restores the exponential growth, since the latter is nothing but the N = 4
counterpart. This suggests that 〈W 〉 in ˆA1 gauge theory has (possibly infinitely) many
saddle points and potential leading exponential growth is canceled upon summing over
the saddle points. We stress that, in this case, the ratio of two ‘t Hooft coupling goes
to zero, equivalently, infinite. The limit decouples dynamics of the two quiver gauge
groups and render the global gauge symmetry as a newly emergent flavor symmetry. The
non-exponential behavior of the Wilson loop originates from the decoupling, as can be
understood intuitively from the screening phenomenon.
• In ˆA1 quiver gauge theory, the two Wilson loops 〈W1〉,〈W2〉 associated with the two quiver
nodes exhibit the same exponential growth as the N = 4 counterpart. The exponents
depend not only on the largest edge of the eigenvalue distribution but also on the two ‘t
Hooft coupling constants, λ1,λ2, equivalently, λ,B.
• In ˆA1 quiver gauge theory, in case the two ‘t Hooft couplings are the same, so are the
two Wilson loops. If the two ‘t Hooft couplings differ but remain finite, the two Wilson
loops will also differ. As such, 〈W1〉− 〈W2〉 is an order parameter of the Z2 parity ex-
changing the two quiver nodes. It scales linearly with B and shows non-analyticity over
the fundamental domain [−12 ,+12 ].
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In this section, we pose these features from holographic dual viewpoint and extract several
new perspectives. Much of success of the AdS/CFT correspondence was based on the obser-
vation that holographic dual geometry is macroscopically large compared to the string scale.
In this limit, string scale effects are suppressed and physical observables and correlators are
computable in saddle-point, supergravity approximation. For example, the AdS5×S5 dual to
the N = 4 super Yang-Mills theory has the size R2 = O(
√
λ):
ds2 = R2ds2(AdS5)+R2dΩ25(S5), (5.1)
growing arbitrarily large at strong ‘t Hooft coupling. Many other examples of the AdS/CFT
correspondence share essentially the same behavior. In such a background, expectation value
of the Wilson loop 〈W〉 is evaluated by the Polyakov path integral of a fundamental string in the
holographic dual background:
〈W〉 :=
∫
C
[DXDh]⊥ exp(iSws[X∗g]) (5.2)
with a prescribed boundary condition along the contour C of the Wilson loop at timelike infinity.
The worldsheet coupling parameter is set by the pull-back of the spacetime metric, and hence
by R2. As R grows large at strong ‘t Hooft coupling, the path integral is dominated by a saddle
point and 〈W 〉 exhibits exponential growth whose Euclidean geometry is the minimal surface
Acl:
〈W 〉 ≃ eAcl where Acl ≃ O(R2) . (5.3)
Note that the minimal surface of the Wilson loop sweeps out an AdS3 foliation inside the AdS5.
This explains the R2 growth of the area of the minimal surface at strong ‘t Hooft coupling.
Central to our discussions will consist of re-examination on global geometry of the gravity
dual to N = 2 superconformal gauge theories in comparison to N = 4 super Yang-Mills theory.
5.1 Holographic dual of A1 gauge theory
At present, gravity dual to the A1 gauge theory is not known. Still, it is not difficult to guess
what the dual theory would be. In general, N = 2 gauge theory is defined in perturbation theory
by three coupling parameters:
λ, g2c :=
1
N2
, go :=
Nf
N
, (5.4)
associated ‘t Hooft coupling, closed surface coupling associated with adjoint vector and hyper-
multiplets, and open puncture coupling associated with fundamental hypermultiplets. For A1
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gauge theory, go = 2 ∼ O(1) and it indicates that dual string theory is described by the world-
sheet with proliferating open boundaries. Moreover, as we studied in earlier sections, the A1
gauge theory is related to the ˆA1 quiver gauge theory as the limit where one of the two ‘t Hooft
coupling constants is sent to zero while the other is held finite. Equivalently, in the large N
limit, one of the two ‘t Hooft coupling constants is dialed infinitely stronger than the other. This
hierarchical scaling limit of the two ‘t Hooft coupling constants, along with the PSU(2,2|2)
superconformal symmetry and the SU(2)×U(1) R-symmetry imply that the gravity dual is a
noncritical superstring theory involving AdS5 and S2 × S1 space. One thus expects that the
gravity dual of A1 gauge theory has the local geometry of the form:
(AdS5×M2)× [S1×S2] . (5.5)
By local geometry, we mean that the internal space consists of S1 and S2, possibly fibered or
warped over an appropriate 2-dimensional base-space M2 5. The curvature scales of AdS5 and
of M2 are equal and are set by R ∼ λ1/4, much as in the N = 4 super Yang-Mills theory. The
remaining internal geometry [S1×S2] involves geometry of string scale, and is describable in
terms of a (singular) superconformal field theory. In particular, the internal space [S1×S2] may
have collapsed 2-cycles. Therefore, the ten-dimensional geometry is schematically given by
ds2 = R2(ds2(AdS5)+ds2(M2))+ r2ds2([S1×S2]) (5.6)
where R,r are the curvature radii that are hierarchically different, r ≪ R (measured in string
scale). In particular, r can become smaller than O(1) in the regime that the two ‘t Hooft coupling
constants are taken hierarchically disparate.
Consider now evaluating the Wilson loop 〈W [C]〉 in the gravity dual (5.5). As well-known,
the Wilson loop is holographically computed by free energy of a macroscopic string whose
endpoint sweeps the contour C. From the viewpoint of evaluating it in terms of a minimal area
worldsheet, since the internal space has nontrivial 2-cycles, there will not be just one saddle-
point but infinitely many. These saddle-point configurations are approximately a combination
of minimal surface of area Asw inside the AdS5 and surfaces of area a
(i)
sw wrapping 2-cycles
inside the internal space multiple times. Note that Asw has the area of order O(r2)≫ 1 in string
unit and a(i)sw has the area of order O(1) since the 2-cycles are collapsed. Therefore, all these
configurations have nearly degenerate total worldsheet area and correspond to infinitely many,
5The expected gravity dual (5.5) may be anticipated from the Argyres-Seiberg S-duality [19]. At finite N, S-
duality maps an infinite coupling N = 2 superconformal gauge theory to a weak coupling N = 2 gauge theory
combined with strongly interacting, isolated conformal field theory. The presence of the strongly interacting,
isolated conformal field theory suggests that putative holographic dual ought to involve a string geometry whose
size is typically of order O(1) in string unit.
32
nearby saddle points. In effect, the surfaces of area a(i)sw wrapping the collapsed 2-cycle multiple
times produce sizable worldsheet instanton effects. We thus have
〈W 〉 = ∑
i=saddles
ca exp
(
Asw +a
(i)
sw + · · ·
)
≃
[
∑
i=saddles
ca exp(a
(i)
sw)
]
· exp(Asw) , (5.7)
where ca denotes calculable coefficients of each saddle-point, including one-loop string world-
sheet determinants and integrals over moduli parameters, if present. This is depicted in figure
6. Since we do not have exact worldsheet result for each saddle point configurations available,
we can only guess what must happen in order for the final result to yield the exact result we
derived from the gauge theory side. In the last expression of (5.7), even though contribution
of individual saddle point is same order, summing up infinitely many of them could produce
an exponentially small effect of order O(exp(−Asw)). What then happens is that summing
up infinitely many worldsheet instantons over the internal space cancels against the leading
O(exp(Asw)) contribution from the worldsheet inside the AdS5. After the cancelation, the lead-
ing nonzero contribution is of the same order as the pre-exponential contribution. It scales as
Rν for some finite value of the exponent ν at strong ‘t Hooft coupling.
<W>    =                             +                                  +                                  +                                 +  ....
Figure 6: Schematic view of holographic computation of Wilson loop expectation value in instanton
expansion. Each hemisphere represents minimal surface of semiclassical string in AdS spacetime. In-
stantons are string worldsheets P1’s stretched into the internal space X5. Their sizes are of string scale,
and hence of order O(1) for any number of instantons. The gauge theory computations indicate that
these worldsheet instantons ought to proliferate and lead to delicate cancelations of the leading-order
result (the first term) upon resummation.
At the orbifold fixed point, there are in general torsion components of the NS-NS 2-form
potential B2, whose integral over a 2-cycle is denoted by B:
Ba :=
∮
Ca
B2
2pi
, Ba = [0,1) (5.8)
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The A1 theory has the global flavor symmetry Gf = U(Nf) = U(2N). For a well-defined con-
formal field theory of the internal geometry, Ba must take the value 1/2. But then, the string
worldsheet wrapping the 2-cycle Ca na times picks up the phase factor
∞
∏
a=1
exp(2piiBana) =
∞
∏
a=1
(−)na, (5.9)
giving rise to ± relative signs among various worldsheet instanton contributions to the minimal
surface dual to the Wilson loop.
5.2 Holographic dual of ˆA1 quiver gauge theory
Consider next holographic description of the ˆA1 quiver gauge theory. It is known that the holo-
graphic dual is provided by the AdS5×S5/Z2 orbifold, where the Z2 acts on C2 ⊂ C3 of the
covering space of S5. Locally, the spacetime geometry is exactly the same as AdS5×S5:
ds2 = R2ds2(AdS5)+R2dΩ25(S5). (5.10)
The size of both the AdS5 and the S5/Z2 is R, which grows as (λ)1/4 at large ‘t Hooft coupling
limit.
Located at the orbifold fixed point is a twisted sector. The massless fields of the twisted
sector consists of a tensor multiplet of (5+ 1)-dimensional (2,0) chiral supersymmetry. The
multiplet contains five massless scalars. Three of them are associated with S2 replacing the
orbifold fixed point, and the other two are associated with
B =
∮
S2
B2
2pi
and C =
∮
S2
C2
2pi
, (5.11)
where B2,C2 are NS-NS and R-R 2-form potentials. Both of them are periodic, ranging over
B,C = [0,1) 6. These two massless moduli are well-defined even in the limit that the other three
moduli vanish, viz. S2 shrinks back to the orbifold singularity. Along with the type IIB dilaton
and axion of the untwisted sector, these two twisted scalar fields are related to the gauge theory
parameters. In particular, we have
1
gs
=
1
g21
+
1
g22
;
1
gs
(B− 1
2
) =
1
g21
− 1
g22
. (5.12)
The other moduli field C is related to the theta angles. This can be seen by uplifting the brane
configuration to M-theory. There, the theta angle is nothing but the M-theory circle. It would
vary if we turn on C-potential on two cycles.
6The periodicity can be seen from the T-dual, brane configuration as well. Consider the moduli B. The quiver
gauge theories are mapped to D4 branes connecting adjacent NS5 branes on a circle in two different directions.
The sum over gauge couplings is then related to circle size, while the difference between adjacent gauge couplings
is given by the length of each interval. Evidently, the interval cannot be longer than the circumference.
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Consider now computation of the Wilson loop expectation value from the Polyakov path
integral (5.2). Again, as the contour C of the Wilson loop lies at the boundary of AdS3 foliation
inside AdS5, the Type IIB string worldsheet would sweep a minimal surface in AdS3. The area
is of order O(R2). On the other hand, the Type IIB string may sweep over the vanishing S2 at the
orbifold fixed point. As the area of the cycle vanishes, the corresponding worldsheet instanton
effect is of order O(1) and unsuppressed. Thus, the situation is similar to the A1 case. In the
ˆA1 case, however, we have a new direction of turning on the twisted moduli associated with B.
From (5.12), we see that this amounts to turning on the two gauge couplings asymmetrically.
Now, for the worldsheet instanton configuration, the Type IIB string worldsheet couples to the
B2 field. Therefore, the Wilson loop will get contributions of exp(±2piiB) once the moduli B is
turned on.
There is another reason why infinitely many worldsheet instantons needs to be resummed.
We proved that the twisted sector Wilson loop is proportional to |B|. As B ranges over the in-
terval [−12 ,+12 ], we see that the Wilson loop has nonanalytic behavior at B = 0. In gravity dual,
we argued that the Wilson loop depends on B through the string worldsheet sweeping vanish-
ing two-cycle at the orbifold fixed point. The n instanton effect is proportional to exp(2piinB)
for n = ±1,±2, · · ·. It shows that B has the periodicity over [−12 ,+12 ] and effect of individual
instanton is analytic over the period. Obviously, in order to exhibit non-analyticity such as |B|,
infinitely many instanton effects needs to be resummed.
5.3 Comments on Wilson loops in Higgs phase
Starting from the ˆA1 quiver gauge theory, we have another limit we can take. Consider now the
D3-branes displaced away from the orbifold singularity. If all the branes are moved to a smooth
point, then the quiver gauge symmetry G is broken to the diagonal subgroup GD:
G = U(N)×U(N) → GD = UD(N) (5.13)
modulo center-of-mass U(1) group. Of the two bifundamental hypermultiplets, one of them is
Higgsed away and the other forms a hypermultiplet transforming in adjoint representation of
the diagonal subgroup. This theory flows in the infrared below the Higgs scale to the N = 4
superconformal Yang-Mills theory, as expected since the N D3-branes are stacked now at a
smooth point.
We should be able to understand the two Wilson loops of the ˆA1 quiver gauge theory in
this limit. Obviously, the two Wilson loops W1,W2 are independent and distinguishable at an
energy above the Higgs scale, while they are reduced to one and the same Wilson loop at an
energy below the Higgs scale. Noting that Higgs scale is set by the location of the D3-branes
from the orbifold singularity, we therefore see that the minimal surface of the macroscopic
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string worldsheet must exhibit a crossover. How this crossover takes place is a very interesting
problem left for the future.
The above consideration is also generalizable to various partial breaking patterns such as
SU(2N)×SU(2N)→ SU(N)×SU(N)×SUD(N) . (5.14)
Now, there are several types of strings. There are strings corresponding to Wilson loops of three
SU(N)’s. There are also W-bosons that connect diagonal SU(N) to either of the two SU(N)’s.
The fields now transform as (N,N;1),(N,N;1) and (1,1,N2− 1). As the theory is Higgsed,
localization method we relied on is no longer valid. Still, Nevertheless, taking holographic
geometry of the conformal points of quiver gauge theories as the starting point, the gravity
dual is expected to be a certain class of multi-centered deformations. We expect that one can
still learn a lot of (quiver) gauge theory dynamics by taking suitable approximate gravity duals
and then computing Wilson loop expectation values and comparing them with weak ‘t Hooft
coupling perturbative results.
6 Generalization to ˆAk−1 Quiver Gauge Theories
So far, we were mainly concerned with A1 and ˆA1 of N = 2 (quiver) gauge theories. These
are the simplest two within a series of ˆAk−1 type. These quiver gauge theories are obtainable
from D3-branes sitting at the orbifold singularity C×(C2/Zk). There are (k−1) orbifold fixed
points whose blow-up consists of S2i (i = 1, · · · ,k−1). The twisted sector of the Type IIB string
theory includes (k− 1) tensor multiplets of (5+ 1)-dimensional (2,0) chiral supersymmetry.
Two sets of (k−1) scalar fields are associated with
Bi =
∮
S2i
B2
2pi
and Ci =
∮
S2i
C2
2pi
(i = 1, · · · ,k−1). (6.1)
Again, after T-duality to Type IIA string theory, we obtain the ˆAk−1 brane configuration. As for
k = 2, we first partially compactify the orbifold to S1 of a fixed asymptotic radius and resolve
the ˆAk−1 singularities. This results in a hyperka¨hler space where the S1 is fibered over the
base space R3. The manifold is known as k-centered Taub-NUT space. There are 3(k− 1)
geometric moduli associated with (k−1) degeneration centers (where the S1 fiber degenerates)
which, along with the 2(k−1) moduli in (6.1), constitute 5 scalar fields of the aforementioned
(k−1) tensor multiplets. Now, T-dualizing along the S1 fiber, we obtain Type IIA background
involving k NS5-branes, which source nontrivial dilaton and NS-NS H3 field strength, sitting at
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the degeneration centers on the base space R3 and at various positions on the T-dual circle S˜1
set by the Bi’s in (6.1).
In the Type IIA brane configuration, there are various limits where global symmetries are
enhanced. At generic distribution of k NS5-branes on the dual circle Ŝ1, the global symmetry is
given by SU(2)×U(1) associated with the base space R3 and the dual circle Ŝ1. When (fraction
of) NS5-branes all coalesce together, the space transverse to the NS5-branes approaches C2 very
close to them and the U(1) symmetry is enhanced to SU(2). In this limit, (a subset of) gauge
couplings of D4-branes become zero and we have global symmetry enhancement. It is well
known that k-stack of NS5-branes, which source the dilation and the NS-NS H3 field strength,
generate the near-horizon geometry of linear dilaton [27]. In string frame, the geometry is the
exact conformal field theory [28]
R
5,1×
(
Rφ,Q×SU(2)k
)
where Q =
√
2
k . (6.2)
Modulo the center of mass part, the worldvolume dynamics on D4-branes stretched between
various NS5-branes can be described in terms of various boundary states [29], representing
localized and extended states in the bulk.
The string theory in this background breaks down at the location of NS5-branes, as the string
coupling becomes infinitely strong. To regularize the geometry and define the string theory, we
may take C inside the aforementioned near-horizon C2, split the coincident k NS5-branes at the
center and array them on a concentric circle of a nonzero radius. The string coupling is then cut
off at a value set by the radius. The resulting worldsheet theory is the N = 2 supersymmetric
Liouville theory.
In the regime we are interested in, k takes values larger than 2, k = 3,4, · · ·. In this regime,
the N = 2 Liouville theory (6.2) is strongly coupled. By the supersymmetric extension of the
Fateev-Zamolodchikov-Zamolodchikov (FZZ) duality, we can turn the N = 2 supersymmetric
Liouville theory to Kazama-Suzuki coset theory. To do so, we T-dualize along the angular
direction of the arrayed NS5-branes. Conserved winding modes around the angular direction
is mapped to conserved momentum modes and the resulting Type IIB background is given by
another exact conformal field theory
R
5,1×
(SL(2;R)k
U(1)
× SU(2)k
U(1)
)
(6.3)
modulo Zk orbifolding. For large k, the conformal field theory is weakly coupled and describes
the well-known cigar geometry [30].
In the large (finite or infinite) k, what do we expect for the Wilson loop expectation value
and, from the expectation values, what information can we extract for the holographic geometry
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of gravity dual? Here, we shall remark several essential points that are extendible straightfor-
wardly from the results of ˆA1 and relegate further aspects in a separate work. For ˆAk−1 quiver
gauge theories, there are k nodes of gauge groups U(N). Associated with them are k independent
Wilson loops:
W (i)[C] := Tr(i)Ps exp
[
ig
∫
C
d
(
x˙mA(i)m (x)+θaA(i)a (x)
)]
(i = 1, · · · ,k) . (6.4)
From these, we can construct the Wilson loop in untwisted and twisted sectors. Explicitly, they
are
W0 =
1
k
(
W (1)+W (2)+ · · ·+W (k−1)+W (k)
)
(6.5)
for the untwisted sector Wilson loop and
W1 =W (1)+ωW (2)+ · · ·+ωk−1W (k)
W2 =W (1)+ω2W (2)+ · · ·+ω2(k−1)W (k)
· · ·
Wk−1 =W (1)+ωk−1W (2)+ · · ·+ω(k−1)2W (k) (6.6)
for the (k− 1) independent twisted sector Wilson loops. They are simply k normal modes
of Wilson loops constructed from {ωn|n = 0, · · · ,k− 1} Fourier series of Zk over the k quiver
nodes. Consider now the planar limit N →∞. The Wilson loops W (i) are all same. Equivalently,
all the twisted Wilson loops vanish. Furthermore, as in ˆA1 quiver gauge theory, the untwisted
Wilson loop will show exponential growth at large ‘t Hooft coupling.
It is not difficult to extend the gauge theory results to ˆAk−1 case. After taking large N limit,
the saddle point equations now read
4pi2
λ φ =
∫
− dφ′ ρ(φ
′)
φ−φ′ , (6.7)
2pi2
λa
φ− (1−ω)
∫
− dφ′δaρ(φ′)F ′(φ−φ′) =
∫
− dφ′δaρ(φ
′)
φ−φ′ , (a = 1, · · · ,k−1)
(6.8)
where
ρ := 1k
(
ρ(1)+ · · ·+ρ(k)
)
δaρ :=
1
k
k
∑
i=1
ωi−1ρ(i) (a = 1,2, · · · ,k−1), (6.9)
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and
1
λ :=
1
k
( 1
λ(1) + · · ·+
1
λ(k)
)
1
λa :=
1
k
k
∑
i=1
ωi−1
1
λ(i) (a = 1,2, · · · ,k−1). (6.10)
It is evident that δaρ is proportional to 1/λa linearly, and hence exhibits non-analytic behavior.
By the AdS/CFT correspondence, the Wilson loops are mapped to macroscopic fundamental
Type IIB string in the geometry AdS5×S5/Zk. There are (k−1) 2-cycles of vanishing volume.
As in the ˆA1 case, n worldsheet instanton picks up a phase factor exp(2piiBn). Again, since
B = 1/2 for the exact conformal field theory, the phase factor is given by (−)n. As (fraction
of) the gauge couplings are tuned to zero, we again see from (6.8) that twisted Wilson loops are
suppressed by the worldsheet instanton effects. This is the effect of the screening we explained
in the previous section, but now extended to the ˆAk−1 quiver theories. The suppression, however,
is less significant as k becomes large since the one-loop contribution in (6.8) is hierarchically
small compared to the classical contribution. We see this as a manifestation of the fact we
recalled above that, at k → ∞, the worldsheet conformal field theory is weakly coupled in Type
IIB setup and the holographic dual geometry, the cigar geometry, becomes weakly curved.
It is also illuminating to understand the above Wilson loops from the viewpoint of the
brane configuration. For the brane configuration, we start from the Type IIA theory on a
compact spatial circle of circumference L. We place k NS5-branes on the circle on intervals
La,(a = 1,2, · · · ,k) such that L1 +L2 + · · ·+Lk = L and then stretch N D4-branes on each in-
terval. The low-energy dynamics of these D4-branes is then described by N = 2 quiver gauge
theory of ˆAk−1 type. In this setup, the W (a) Wilson loop is represented by a semi-infinite,
macroscopic string emanating from a-th D4-brane to infinity. Since there are k different states
for identical macroscopic strings, we can also form linear combinations of them. There are k
different normal modes: the untwisted Wilson loop W0 is the lowest normal mode obtained by
algebraic average of the k strings, W1 is the next lowest normal mode obtained by discrete lat-
tice translation ω for adjacent strings, · · ·, and the Wk−1 is the highest normal mode obtained by
discrete lattice translation ωk−1 (which is the same as the configuration with lattice momentum
ω by the Unklapp process) for adjacent strings.
If the intervals are all equal, L1 = L2 = · · · = Lk = (L/k), then the brane configuration has
cyclic permutation symmetry. This symmetry then ensures that all twisted Wilson loops vanish.
If the intervals are different, (some of) the twisted Wilson loops are non-vanishing. If (fraction
of) NS5-branes become coalescing, the geometry and the worldvolume global symmetries get
enhanced. We see that fundamental strings ending on the weakly coupled D4-branes will be
pulled to the coalescing NS5-branes. The difference from the A1 theory is that, effect of other
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NS5-branes away from the coalescing ones becomes larger as k gets larger. This is the brane
configuration counterpart of the suppression of twisted Wilson loop expectation value which
were attributed earlier to the weak curvature of the holographic geometry (6.3) in this limit.
7 Discussion
In this paper, we investigated aspects of four-dimensional N = 2 superconformal gauge theo-
ries. Utilizing the localization technique, we showed that the path integral of these theories are
reduced to a finite-dimensional matrix integral, much as for the N = 4 super Yang-Mills theory.
The resulting matrix model is, however, non-Gaussian. Expectation value of half-BPS Wilson
loops in these theories can also be evaluated using the matrix model techniques. We studied
two theories in detail: A1 gauge theory with gauge group U(N) and 2N fundamental hyper-
multiplets and ˆA1 quiver gauge theory with gauge group U(N)×U(N) and two bi-fundamental
hypermultiplets.
In the planar limit, N → ∞, we determined exactly the leading asymptotes of the circular
Wilson loops as the ‘t Hooft coupling becomes strong, λ → ∞ and then compared it to the
exponential growth∼ exp(
√
λ) seen in the N = 4 super Yang-Mills theory. In the A1 theory, we
found the Wilson loop exhibits non-exponential growth: it is bounded from above in the large
λ limit. In the ˆA1 theory, there are two Wilson loops, corresponding to the two U(N) gauge
groups. We found that the untwisted Wilson loop exhibits exponential growth, exactly the same
leading behavior as the Wilson loop in N = 4 super Yang-Mills theory, but the twisted Wilson
loop exhibits a new non-analytic behavior in difference of the two gauge coupling constants.
We also studied holographic dual of these N = 2 theories and macroscopic string configura-
tions representing the Wilson loops. We argued that both the non-exponential behavior of the A1
Wilson loop and the non-analytic behavior of the ˆA1 Wilson loops are indicative of string scale
geometries of the gravity dual. For gravity dual of A1 theory, there are infinitely many vanishing
2-cycles around which the macroscopic string wraps around and produce worldsheet instantons.
These different saddle-points interfere among themselves, canceling out the would-be leading
exponential growth. What remains thereafter then yields a non-exponential behavior, matching
with the exact gauge theory results. For gravity dual of ˆA1 theory, there is again a vanishing
2-cycle at the Z2 orbifold singularity. On the 2-cycle, NS-NS 2-form potential can be turned
on and it is set by asymmetry between the two gauge coupling constants. The macroscopic
string wraps around and each worldsheet instanton is weighted by exp(2piiB). Again, since the
2-cycle has a vanishing area, infinite number of worldsheet instantons needs to be resummed.
The resummation can then yield a non-analytic dependence on B, and this fits well with the
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exact gauge theory result.
A key lesson drawn from the present work is that holographic dual of these N = 2 super-
conformal gauge theories must involve geometry of string scale. For A1 theory, suppression of
exponential growth of Wilson loop expectation value hints that the holographic duals must be
a noncritical string theory. In the brane construction viewpoint, this arose because the two co-
inciding NS5-branes generates the well-known linear dilaton background near the horizon and
macroscopic string is pulled to the NS5-branes. In the holographic dual gravity viewpoint, this
arose because worldsheet of macroscopic string representing the Wilson loop is not peaked to a
semiclassical saddle-point but is affected by proliferating worldsheet instantons. We argued that
delicate cancelation among the instanton sums lead to non-exponential behavior of the Wilson
loop.
It should be possible to extend the analysis in this paper to general N = 2 superconformal
gauge theories. Recently, various quiver constructions were put forward [31] and some of its
gravity duals were studied [32]. Main focus of this line of research were on quiver generaliza-
tion of the Argyres-Seiberg S-duality, which does not commute with the large N limit. Aim of
the present work was to characterize behavior of the Wilson loop in large N limit in terms of
representation contents of matter fields and, from the results, infer the holographic geometry of
gravity duals. We also remarked that our approach is complementary to the researches based on
various worldsheet formulations [33][34][35][36].
Recently, localization in the N = 6 superconformal Chern-Simons theory was obtained
and Wilson loops therein was studied in detail [37]. It should also be possible to extend the
analysis to the superconformal (quiver) Chern-Simons theories. In particular, given that these
two types of theories are related roughly speaking by partially compactifying on S1 and flowing
into infrared, understanding similarities and differences between quiver gauge theories in (3+1)
dimensions and in (2+1) dimensions would be extremely useful for elucidating further relations
in gauge and string dynamics.
Finally, it should be possible to extend the analysis in this work to N = 1 superconformal
quiver gauge theories and study implications to the Seiberg duality. Candidate non-critical
string duals of these gauge theories were proposed by [38].
We are currently investigating these issues but will relegate reporting our findings to follow-
up publications.
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A Killing spinor on S4
The Killing spinors on S4 are defined as follows. Let ya (a = 1, · · · ,5) be coordinates of R5. We
embed S4 into R5 by the hypersurface
(ya + za)2 = r2, za = (0, · · · ,0,r). (A.1)
Each point on S4 can be mapped to a point on a four-dimensional hyperplane R4, y5 = 0, tangent
to the North Pole through
ya =−2za + eΩ(xa +2za), eΩ =
(
1+
x2
4r2
)−1
, (A.2)
where xa = (xm,x5 = 0). This describes a projection on R4 from the South Pole of S4. Accord-
ingly, the induced metric on S4 is given by
ds2 = hmn dxm dxn
= e2Ωδmn dxm dxn. (A.3)
Let θ be the polar angle measured from the North Pole, viz. the origin of the R4. Then, for a
fixed θ, the coordinates xm satisfy
4
∑
m=1
(xm)2 = 4r2 tan2
θ
2
. (A.4)
We also denote orthonormal frame coordinates as xmˆ, (mˆ = ˆ1, · · · , ˆ4) with vierbein emˆm = δmˆmeΩ.
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It is straightforward to show that the spinors
ξ = e 12 Ω(ξs + xmˆΓmˆξc), (A.5)
ξ˜ = e 12 Ω(ξc− 14r2 x
mˆΓmˆξs), (A.6)
where ξs and ξc are arbitrary constant Majorana-Weyl spinors, satisfy the conformal Killing
spinor equations
∇mξ = Γmξ˜, ∇mξ˜ =− 14r2 Γmξ . (A.7)
We further impose anti-chirality condition:
Γˆ1ˆ2ˆ3ˆ4ξs =−ξs, ξc = 12rΓ
0ˆ1ˆ2ξs. (A.8)
These equations imply
ξξ˜ = 0, ξΓ05ξ˜ = 0. (A.9)
One can show that the components of vM = ξΓMξ have the following explicit forms:
v1 =
x2
r
, v2 =−x1
r
, (A.10)
v3 =
x4
r
, v4 =−x3
r
, (A.11)
v0 =−1, v5 = cosθ, (A.12)
v6,7,8,9 = 0, (A.13)
where we normalized ξs such that ξsΓ0ξs =−1.
The expression (A.5) can be rewritten as follows:
ξ = e 12 Ωξs + 12e
− 12 ΩvmˆΓmˆΓ5ξs. (A.14)
We define
nmˆ :=
vmˆ
sinθ (A.15)
so that
(nmˆΓmˆΓ5)2 =−1. (A.16)
Then, it is easy to show that the conformal Killing spinor is expressible as
ξ(x) =
(
cos
θ
2
+ sin θ
2
nmˆ(x)ΓmˆΓ5
)
ξs
= exp
(
θ
2
nmˆ(x)ΓmˆΓ5
)
ξs. (A.17)
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The conformal Killing spinors ξ and ξ˜ satisfy the following identities:
vm∇mξ− 12(ξΓmnξ˜)Γ
mnξ+ 1
2
(ξΓst ξ˜)Γstξ = 0, (A.18)
vm∇mξ˜− 12(ξΓmnξ˜)Γ
mnξ˜+ 1
2
(ξΓst ξ˜)Γst ξ˜ = 0. (A.19)
B Spinors for off-shell closure
We define
νm˙0 := Γm˙Γ
ˆ1ξs, νs0 := ΓsΓˆ1ξs, (B.1)
where m˙ = ˆ2, ˆ3, ˆ4. Let I = (m˙,s). It can be shown that
ξsΓMνI0 = 0, (B.2)
νI0ΓMνJ0 = δIJξsΓMξs, (B.3)
1
2
vMs ΓM = ξsξs +νI0ν0I (B.4)
hold, where vMs = ξsΓMξs. Since ξ is obtained from ξs through a rotation, if we define
νI := exp
(θ
2
nmˆΓ5Γmˆ
)
νI0, (B.5)
then the following relations follow:
ξΓMνI = 0, (B.6)
νIΓMνJ = δIJξΓMξ, (B.7)
1
2
vMΓM = ξξ+νIνI (B.8)
If the last equation is projected onto the space of λ, one finds
1
2
vMΓM = ξξ+νm˙νm˙, (B.9)
while in the space of ψ, it becomes
1
2
vMΓM = νανα. (B.10)
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The spinors satisfy the following identities:
vm∇mν
˙k− 1
2
(ξΓmnξ˜)Γmnν˙k + 12(ξΓst ξ˜)Γ
stν
˙k +(ν
˙kΓm∇mνn˙)νn˙ = 0, (B.11)
vm∇mνα− 12(ξΓmnξ˜)Γ
mnνα−νβνβΓm∇mνα = 0. (B.12)
Due to the above choice of spinors, Q2 closes on fields as follows:
− iQ2 Am = vn∇nAm +∇mvnAn− ig[vµAµ,Am]−∇m(vµAµ), (B.13)
−iQ2 Aa = vm∇mAa− ig[vµAµ,Aa], (B.14)
−iQ2 qα = vm∇mqα− ig(vµAAµ )TAqα +2ξγαβξ˜qβ, (B.15)
−iQ2 qα = vm∇mqα + ig(vµAAµ )qαTA−2qβξγβαξ˜, (B.16)
−i Q2 λ = vm∇mλ− 12(ξΓmnξ˜)Γ
mnλ− ig[vµAµ,λ]+ 12(ξΓst ξ˜)Γ
stλ, (B.17)
−i Q2 ψ = vm∇mψ− 12(ξΓmnξ˜)Γ
mnψ− ig(vµAAµ )TAψ, (B.18)
−i Q2 ψ = vm∇mψ+ 12(ξΓmnξ˜)ψΓ
mn + ig(vµAAµ )ψTA, (B.19)
−iQ2Km˙ = vk∇kKm˙− ig[vµAµ,Km˙]+νm˙Γk∇kνn˙Kn˙, (B.20)
−iQ2Kα = vm∇mKα− ig(vµAAµ )TAKα +ναΓm∇mνβKβ, (B.21)
−iQ2Kα = vm∇mKα + ig(vµAAµ )KαTA−KβνβΓm∇mνα. (B.22)
C Asymptotic expansion of Wilson loop
In this appendix, we provide details of the asymptotic expansion of the Wilson loop in the large
a limit.
We first estimate the following integral:
I(α,a) :=
∫
∞
δ
du uαe−au, (C.1)
where a,α,δ > 0. This satisfies the relation
I(α,a) =
δα
a
e−δa +
α
a
I(α−1,a). (C.2)
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There exists an integer K for which α−K +1 > 0 and α−K < 0. Then, repeating integration
by parts, I(α,a) can be written as
I(α,a) =
K−1
∑
n=0
δα−n
an+1
Γ(α+1)
Γ(α+1−n)e
−δa +
1
aK
Γ(α+1)
Γ(α+1−K)I(α−K,a). (C.3)
I(α−K,a) is estimated as follows:
I(α−K,a)≤ δα−K
∫
∞
δ
du e−au = δ
α−K
a
e−δa. (C.4)
Therefore, for large a, I(α,a) is estimated to be
I(α,a) = O(a−1e−δa). (C.5)
With the above result, we now estimate W . With the assumed behavior of rescaled density
function ρ˜ in section 3, one can write e−caW as
∫ 1− ab
0
du ρ˜(1−u)e−cau = β
∫ δ
0
du uαe−cau+
∫ δ
0
duχ(u)e−cau+
∫ 1− ab
δ
du ρ˜(1−u)e−cau. (C.6)
The first term of the right-hand side is
β
∫ δ
0
du uαe−cau = β
∫
∞
0
du uαe−cau−βI(α,ca)
= βΓ(α+1)(ca)−α−1+O((ca)−1e−δca). (C.7)
The second term can be evaluated similarly, and it turns out to be negligible compared to the
first term. The third term is
∫ 1− ab
δ
du ρ˜(1−u)e−cau ≤ e−δca
∫ 1− ab
δ
du ρ˜(u−1)≤ e−δca. (C.8)
This completes the proof of the proclaimed estimate (3.7) in the large a limit.
D Coefficient c1
In this appendix, we elaborate detailed calculation of the coefficient c1 of the leading term in
the one-loop determinant. The heat-kernel coefficient a2(∆) is
a2(∆) =
1
(4pi)2
∫
S4
d4x
√
h trB
[
− 1
4r2
(3+ cos2 θ)+ 16R
]
, (D.1)
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where trB is the trace over the indices α,β. The second term is canceled by the fermionic
contribution. The first term yields − 512r2.
The coefficient a2(∆F) for the fermions is
a2(∆F) =
1
(4pi)2
∫
S4
d4x
√
h trF
[3κ2
r3
+
κ2
4
(ξΓµνξ˜)(ξΓρσξ˜)ΓµνΓρσ + 16R
]
, (D.2)
where trF is the trace over the subspace of the spinor corresponding to ψ. One can show that
the first two terms cancel each other.
As the −∆F has the term linear in m, a4(∆F) also contribute to c1. The relevant part of the
coefficient a4(∆F) is
1
(4pi)2
∫
S4
d4x
√
h trF
[1
2
(
iκ
m
r
(ξΓµνξ˜)Γµν
)2]
=−23m
2. (D.3)
As a result, it follows that
c1 =−
(
− 5
12
)
− 1
2
(
−2
3
)
=
3
4
. (D.4)
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